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Thealgorithmsavailabletodaythatusedipolarcouplingdatafor
macromolecular structure determination require the independent
determination of two parameters, DPQ
a and R. Methods exist for
obtaining these parameters when the set of dipolar couplings avail-
ableislargeandtheorientationsoftheinteratomicvectorsonwhich
they report is isotropically distributed. These methods are less sat-
isfactory when the set is small and anisotropic. Described here is a
maximum likelihood method that extracts accurate values for DPQ
a
and Rfromsmall,anisotropicdatasets.Alsodemonstratedisapro-
cedure for estimating the errors associated with the values of DPQ
a
and R obtained and for incorporating these errors into reﬁnement
protocols. C ° 2001 Academic Press
Key Words: NMR; rhombicity; dipolar coupling; maximum like-
lihood.
INTRODUCTION
Dipolar coupling data are potentially of great use to NMR
spectroscopistssincetheycontainlongrangeinformation(asop-
posedtoNOEandscalarcouplings).Since,however,thedipolar
couplingofanisotropicallytumblingmoleculeaveragestozero,
useful dipolar coupling data was, until recently, only available
for the small number of paramagnetic proteins (1), and protein–
DNAcomplexes(2)thatalignspontaneouslyinstrongmagnetic
ﬁelds.Therecentintroductionofliquidcrystalmediathatinduce
tunable levels of physical alignment, such as phospholipid mix-
tures (3), ﬁlimentous phage (4, 5), and purple membranes (6),
should allow dipolar coupling data to be collected from essen-
tially all nucleic acids and proteins.
The dipolar coupling between two nuclei is given by
DPQ(µ;Á)D DPQ
a [(3cos2 µ ¡ 1) C 1:5R sin2 µ cos2Á]; [1]
where DPQ
a subsumesthegyromagneticratiosofthetwonuclei,
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the order parameter, the dependence on the distance between
nuclei, etc., and µ and Á are the polar angles specifying the
orientationoftheinternuclearvectorintheprincipalaxissystem
of the alignment tensor.
The programs currently available for solution structure de-
termination (2, 7–9) can use the orientational information con-
tained in dipolar couplings only after the variables DPQ
a and R
inEq.[1]havebeenindependentlydetermined.Forproteinsthis
canbeaccomplishedbymeasuringalargenumberofcouplings,
normalizing by type of nuclei and bond length, and plotting the
data as a histogram (8). Assuming that the internuclear vectors
between coupled nuclei are randomly oriented in space, DPQ
a
and R will be related to the extrema (D11 and D33) and mode
(D22) of the histogram as follows:
D11 D¡ 2 D PQ
a [2]
D22 D DPQ
a (1 ¡ 1:5R) [3]
D33 D DPQ
a (1 C 1:5R): [4]
Clearly, the accuracy with which DPQ
a and R are determined
depends on the accuracy of one’s estimates of the values of the
mode and two extrema, which depends on the number of cou-
plings observed and the degree of anisotropy in the orientations
of the corresponding internuclear vectors.
Spectroscopistsinterestedinusingdipolardatanaturallymea-
sure as many dipolar couplings as possible, both to increase the
number of constraints available for structure determination and
to improve the accuracy with which the coupling histogram is
determined. However, it is not always possible to measure large
numbers of couplings (see, e.g., (10, 11)), and in such cases it
is generally impossible to accurately determine DPQ
a and R us-
ing the histogram methodology. In these cases, rounds of struc-
tural reﬁnement are carried out with a number of different input
values of DPQ
a and R, and the lowest energy structures which
emerge are selected (9, 10). This work-around is undesirable
for two reasons. First, it can be extremely expensive compu-
tationally, since a round of reﬁnement must be undertaken for
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every pair of DPQ
a and R values tested. Second, it is difﬁcult to
deconvolute the effects that the structural model, coupling data,
andparametervalueswillhaveononeanotherinsuchaprocess,
and it is certainly not unthinkable that the true parameter values
mightnotyieldthelowestenergyﬁnalstructures.Thusaneffec-
tive, structure independent method for determining DPQ
a and R
when only a modest number of couplings is available would be
desirable.
It should also be noted that the quality of one’s estimates
of DPQ
a and R will affect the accuracy of structures computed
using dipolar data. It is important that the method used to deter-
mine these parameters also estimate the errors associated with
them, so that they can be taken into account during structure
reﬁnement.
Below we describe a maximum likelihood method for de-
termining DPQ
a and R from a set of couplings of any size
that yields rigorous error estimates for both parameters. We
also propose a method for using these error estimates in
CNS (7), a popular program for determining solution struc-
tures that includes no provision for taking such errors into
account.
METHODS AND RESULTS
Given the inherently low quality of information about the lo-
cation of the extrema and the mode of any distribution when the
set of observed data is small, we set out to devise a technique
that uses all available data to estimate DPQ
a and R. A maximum
likelihood approach (12, 13) proved most successful. The “like-
lihood function” for a set of N couplings being observed given
a particular choice of DPQ
a and R is
L
¡
C1:::N
¯
¯DPQ
a ;R
¢
D
N Y
nD1
P D
PQ
a ;R(Cn); [5]
where N isthetotalnumberofcouplings, PD
PQ
a ;Ristheprobabil-
itydensityfunctionforaparticularchoiceof DPQ
a and R,andCn
isthevalue(inHz)ofthenthcoupling.Becauseanisotropically
distributed set of dipolar coupling data will have the same shape
as a chemical shift anisotropy (CSA) powder pattern, Grant’s
analytical expressions for the relative intensities of CSA pow-
der patterns (14) are equivalent to probability density functions
fortheobserveddata(C1 :::Cn)givenparticularvaluesof DPQ
a
and R, i.e.,
PD
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[6]
where D11, D22, and D33 are determined from DPQ
a and R as
indicated by Eqs. [2], [3], and [4]. A grid search through DPQ
a
and R is done to ﬁnd the pair of parameters that maximizes the
likelihood function, which is equivalent to selecting the pair of
parameters that is most likely to have given rise to the couplings
observed. For convenience we use a log likelihood function in-
stead of equation [5], i.e.,
log
¡
L
¡
C1:::N
¯
¯DPQ
a ;R
¢¢
D
N X
nD1
log
¡
PD
PQ
a ;R(Cn)
¢
: [7]
The values of DPQ
a and R that maximize Eq. [7] also maxi-
mize [5]. Extension of the method to sets of data containing
errors requires that the powder pattern function be convoluted
with a normal distribution with the desired standard deviation,
as suggested by Grant and co-workers (15). This operation is
conveniently performed by multiplying the Fourier transforms
of the two functions, and then back Fourier transforming the
product (16).
This approach was ﬁrst tested using sets of computer-
generated data that were random and completely isotropic. For
each value of DPQ
a and R, many data sets were obtained by
generating random Á and sin weighted µ angles and, for each
combination of angles, computing DPQ(Eq. [1]). A grid search
in DPQ
a and R was then performed on each data set, calculating
Eq. [7] at each step to determine the values of DPQ
a and R most
likely to have generated the data set. Table 1 shows the mean
values of DPQ
a and R found and their standard deviations for
each input value of DPQ
a , R, and data error, as a function of
sample size. The quality of ﬁts proved to be insensitive to the
value of DPQ
a (data not shown) and, as expected for a maximum
likelihood approach, the larger the input data set, the more nor-
mal the distributions of estimated parameters (data not shown).
Also, as one would expect, the larger the number of couplings
available, the smaller the errors in one’s parameters, and the
larger the errors associated with one’s coupling measurements,
the larger the parameter errors that emerge. Clearly the maxi-
mum likelihood procedure does a good job of determining DPQ
a
and R with modest-sized sets of couplings (¸50).
As a further test of this procedure, it was used on sets of cou-
plings computed from known protein structures. Dipolar cou-
plings for various reasonable sets of internuclear vectors were
predictedusingthemethodofZweckstetterandBax(17).GivenCOMMUNICATIONS 273
TABLE 1
Application of the Maximum Likelihood Method to Isotropic Data
Target Target D
PQ
a (calc) R (calc) D
PQ
a (calc) R (calc)
ND
PQ
a R error D 0:5 Hz error D 0:5 Hz error D 1 Hz error D 1H z
10 ¡12 0 ¡11:34 § 1:47 0.065 § 0.166 ¡11:28 § 1:53 0.056 § 0.147
50 ¡12 0 ¡12:01 § 0:28 0.001 § 0.006 ¡11:97 § 0:38 0.001 § 0.008
100 ¡12 0 ¡12:06 § 0:17 0.000 § 0.000 ¡12:02 § 0:28 0.000 § 0.000
500 ¡12 0 ¡12:07 § 0:09 0.000 § 0.000 ¡12:06 § 0:13 0.000 § 0.000
10 ¡12 0.2 ¡11:63 § 2:13 0.148 § 0.215 ¡11:60 § 2:22 0.125 § 0.214
50 ¡12 0.2 ¡12:06 § 1:05 0.183 § 0.091 ¡12:46 § 1:23 0.125 § 0.125
100 ¡12 0.2 ¡12:02 § 0:40 0.185 § 0.038 ¡12:28 § 0:77 0.144 § 0.093
500 ¡12 0.2 ¡12:03 § 0:13 0.188 § 0.013 ¡12:14 § 0:37 0.170 § 0.039
10 ¡12 0.4 ¡11:60 § 2:41 0.299 § 0.258 ¡11:66 § 2:67 0.303 § 0.268
50 ¡12 0.4 ¡11:81 § 0:67 0.386 § 0.072 ¡11:95 § 0:72 0.376 § 0.113
100 ¡12 0.4 ¡11:82 § 0:38 0.404 § 0.045 ¡11:90 § 0:45 0.391 § 0.056
500 ¡12 0.4 ¡12:01 § 0:15 0.393 § 0.019 ¡11:99 § 0:18 0.386 § 0.022
Note. For each combination of target values for D
PQ
a and R, 100 sets of random data of size N were generated as described in the text. A grid search in D
PQ
a
and R was performed on each data set with D
PQ
a ranging from ¡2:5t o¡ 20 Hz in 0.1 Hz steps and R ranging from 0 to 0.7 in steps of 0.01. The log likelihood
score (see Eq. [7]) was calculated for each pair of D
PQ
a and R values and the most likely pair selected. Columns four and ﬁve give the mean most likely D
PQ
a and
R values for the 100 data sets, § the standard deviation of each value when an error of 0.5 Hz is added to the coupling data. Columns six and seven are equivalent
to four and ﬁve, respectively, except that the data error is 1 Hz.
aproteinornucleicacidstructure,thisalgorithmcomputes DPQ
a ,
R, and the orientation of the alignment tensor based on a purely
steric model for the interaction between the macromolecule and
liquidcrystals.Theseparameters,alongwiththestructureofthe
macromolecule, allow dipolar couplings to be computed using
Eq. [1]. Using this algorithm dipolar data were generated for
four protein structures (18–21), chosen to represent a variety of
shapes, from extended to essentially spherical. Our method was
then used to see if the values of DPQ
a and R used to generate
these data sets could be recovered from them. The results of
TABLE 2
Application of the Maximum Likelihood Method to Predicted Data from Known Structures
D
PQ
a R Error Set of couplings D
PQ
a R
Structure (steric) (steric) (Hz) used (N) (predicted) (predicted)
tim ¡18:2 0.312 0.5 N-H (247) ¡18:4 § 0:3 0.29 § 0.02
calpain ¡12:0 0.199 0.5 N-H (173) ¡12:3 § 0:2 0.18 § 0.03
calmodulin ¡15:1 0.503 0.5 N-H (148) ¡15:1 § 0:3 0.43 § 0.03
jun ¡20:3 0.195 0.5 N-H (43) ¡20:5 § 1:5 0.19 § 0.09
tim ¡18:2 0.312 1.0 50% N, C® (234) ¡18:4 § 0:4 0.27 § 0.03
calpain ¡12:0 0.199 1.0 50% N, C® (167) ¡11:6 § 0:3 0.18 § 0.04
calmodulin ¡15:1 0.503 1.0 50% N, C® (143) ¡15:1 § 0:4 0.43 § 0.04
jun ¡20:3 0.195 1.0 50% N, C® (42) ¡20:6 § 1:4 0.18 § 0.08
tim ¡18:2 0.312 0.5 All (960) ¡18:1 § 0:1 0.30 § 0.01
calpain ¡11:8 0.194 0.5 All (678) ¡11:6 § 0:1 0.19 § 0.01
calmodulin ¡15:1 0.503 0.5 All (580) ¡14:8 § 0:2 0.54 § 0.02
jun ¡20:2 0.201 0.5 All (170) ¡20:0 § 0:3 0.18 § 0.02
Note. For each of the four known structures shown, triose phosphate isomerase (18), calpain (20), calmodulin (21), and jun (19), the same procedure was
employed. First, if necessary, protons were added to the structures in CNS (7). Second, couplings were predicted using the algorithm of Zweckstetter and Bax (17),
assuming the proteins were dissolved in 25 mg/mL phage. Predicted values of D
PQ
a and R are listed in columns two and three. The indicated subset of coupling
data was used in the maximum likelihood method by ﬁrst normalizing all couplings to the N–H bond length and gyromagnetic ratios, adding the error indicated,
and grid searching in D
PQ
a and R from ¡2:5t o¡ 25 and 0 to 0.7, respectively. The standard deviations given are those predicted from 100 isotropic data sets of
the appropriate size, D
PQ
a ,R, and coupling error. In column 4, “50% N, C®” indicates that half of all possible N–H and C®–H couplings, randomly chosen, were
used and “All” refers to all one-bond backbone couplings, i.e., N–H, N–C®, C®–H, C®–C0, and C0 (i)–N(i C 1).
these experiments are shown in Table 2. The second and third
columns give the input values for DPQ
a and R estimated us-
ing the Zweckstetter and Bax algorithm. Our most likely DPQ
a
and R values calculated from the data, in columns ﬁve and six,
compare quite favorably.
Table 2 also includes estimates of the errors associated with
each parameter. These were obtained the same way as the errors
determined for the artiﬁcial data sets in Table 1. One hundred
random sets of coupling data of the same size as the “observed”
data set were generated using our calculated most likely DPQ
a274 COMMUNICATIONS
FIG. 1. A mapping procedure for transforming errors in D
PQ
a and R into errors in coupling values is illustrated for a coupling of 10 § 1 Hz, given a D
PQ
a of
34:5 § 3 Hz and an R of 0:11 § 0:077. Panel A shows a subset (the values shown are mirrored on the other sides of both the µ and Á axes) of the allowed values
of µ and Á at the lower (black) and upper (gray) extreme values of R (given the errors associated with D
PQ
a and the coupling value). The couplings which would
be generated by this set of angles at the mean values of D
PQ
a and R were then determined by substitution into Eq. [1]. The center of this distribution of couplings
was taken as a new coupling value with error equal to the distance to the two extrema. In this case the adjusted value of the coupling is 10:449 § 5:017 Hz. The
possible polar angles which would generate couplings within these bounds, given an errorless D
PQ
a of 34.5 and R of 0.11, are shown in B. In C the distributions in
A (Black) and B (shaded) are overlaid. Note that the allowed angles in A are a subset of those in B. The arrow indicates angles allowed in B which are not allowed
in A. All plots shown are equal area Sauson–Flamsteed map projections (22), after (23).
and R parameters, assuming that the distribution of internuclear
vector orientations was isotropic. The errors in Table 2 are the
standard deviations of the two parameters extracted from these
data sets. These estimates are likely to be slightly low, since this
process does not account for the effects of anisotropy in the ori-
entationoftheensembleofinternuclearvectors.Nonetheless,in
all cases save the extended calmodulin structure (21), the target
valuesliewithinoneestimatedstandarddeviationfromthebest-
ﬁt estimates. This is true, surprisingly, even in the case of the set
of N–H couplings determined for Jun, a coiled-coil homodimer
(19). In Jun the N–H vectors are predominantly parallel to the
long axis of the coiled-coil and thus are extremely anisotropic.
It appears, however, that the small number of N–H vectors in
Jun that do not follow this trend are sufﬁcient to prevent the fail-
ure of the maximum likelihood method. The seven ®-helices of
calmodulin lie roughly in a plane perpendicular to the short axis
of the molecule, and the positive extreme (in N–H couplings)
is unrepresented. Nonetheless, the method gives a fairly close
estimate in this case as well. As expected, just as with isotropic
random data, inclusion of more coupling types and larger num-
ber of couplings improves accuracy.
Clearly accurate values of DPQ
a and R can be extracted for
sets of dipolar coupling data using a maximum likelihood ap-
proach, even when the number of couplings available is small.
It also appears that we can assign error estimates to the val-
ues of these parameters reasonably accurately. Unfortunately,
the module that CNS uses for structure reﬁnement with dipolar
data (2, 7–9) does not make use of information about the er-
rors associated with DPQ
a and R; only errors associated with the
coupling values themselves can be entered. A simple mapping
procedure has been devised to circumvent this difﬁculty, which
is illustrated in Fig. 1. In essence one adjusts each coupling and
error to allow the corresponding internuclear vector to sample
all values of µ and Á which are consistent with DPQ
a , R, the
original coupling value, and all their associated errors. In our
experience with reﬁnement of nucleic acid solution structures
using dipolar coupling data, structures converge quite well with
errorsin DPQ
a and R ofthesizesseenhereanderrorsincoupling
data of several percent (data not shown).
DISCUSSION
We have presented a method that allows the rapid and unam-
biguous estimation of the parameters DPQ
a and R for a set of
dipolar couplings of arbitrary size. The method appears to be
robust, in that it works when there are signiﬁcant errors associ-
ated with the coupling data and when the data are derived from
realproteinstructureswherethereissigniﬁcantanisotropy.This
method should yield estimates for DPQ
a and R that are more ac-
curate than those calculated by other methods, e.g. that of Clore
et al. (8), for two reasons. First, the intrinsically low frequency
of occurrence of internuclear vectors with µ near 0 (due to theCOMMUNICATIONS 275
weighting of the population by sin µ) is implicitly corrected for
byourmethodology,asisthedifﬁcultyofestimatingthemodeof
sparse data sets. Second, the maximum likelihood method uses
all data available rather than the subset which deﬁne the mode
and extrema, which should make it more efﬁcient at extracting
informationaboutthevaluesof DPQ
a and R.Inthelimitoflarge,
isotropic coupling sets both advantages should disappear.
Additionally we have presented a method for estimating the
error associated with our most likely values for DPQ
a and R and
a mapping procedure for translating these errors into errors as-
sociated with couplings. This procedure allows incorporation of
errorsin DPQ
a and R intoreﬁnementinCNSbysimplyinputting
the adjusted coupling and error as “sani” restraints, and using
a harmonic potential to reﬁne one’s structures. Algorithms for
performing these various functions are available on our website
at http://proton.chem.yale.edu.
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